Using Rees index, the subsemigroup growth of free semigroups is investigated. Lower and upper bounds for the sequence are given and it is shown to have superexponential growth of strict type n n for finite free rank greater than 1. It is also shown that free semigroups have the fastest subsemigroup growth of all finitely generated semigroups. Ideal growth is shown to be exponential with strict type 2 n and congruence growth is shown to be at least exponential. In addition we consider the case when the index is fixed and rank increasing, proving that for subsemigroups and ideals this sequence fits a polynomial of degree the index, whereas for congruences this fits an exponential equation of base the index. We use these results to describe an algorithm for computing values of these sequences and give a table of results for low rank and index.
Introduction
The concept of word growth of a finitely generated group has been a central research topic connecting differential geometry, geometric and combinatorial group theory for the past 50 years 1 Given a finitely generated group, take the sequence that counts the number of elements of the group of length at most n (with respect to some finite generating set). In 1981, answering a question of Milnor, Gromov proved that a finitely generated group is virtually nilpotent if and only if this sequence has polynomial growth [17] . This powerful result indicated the strong connections between a groups algebraic properties and its asymptotic behaviour.
This result inspired the definition of subgroup growth for a group, see for instance [20] . Given a finitely generated group, take the sequence that counts the number of index n subgroups of the group. In 1993 Lubotzky, Mann and Segal proved that a finitely generated residually finite group is virtually solvable of finite rank if and only if this sequence has polynomial growth [19] . This area has now been extended to many other mathematical objects, e.g. representation growth and subring growth [21] .
In this paper we consider the situation for semigroups. In order to define subsemigroup growth of a semigroup we first need to define index. At first, it is not clear what the correct definition should be, and there have been many different attempts depending on the types of semigroups considered. Ideally you want the notion of index to generalise group index, but perhaps more imporantly, you want finite index subsemigroups to preserve important properties * Mathematical Sciences, University of Southampton, Highfield, Southampton, United Kingdom, SO17 1BJ
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1 For a history, see the introduction to [16] .
of the semigroup. For example, Grigorchuk gave a definition of index for a subsemigroup which generalised group index and impressively extended Gromov's polynomial growth theorem to cancellative semigroups. However, his definition of index does not preseve even the simplest property of finite generation [15] . In this paper we choose Rees index, which is defined simply to be the cardinality of the complement. This clearly does not generalise group index, but finite Rees index subsemigroups do preserve a very large number of important properties (e.g. being finitely generated/presented, residually finite, solvable word problem, automatic etc.) See the survey article [9] for more details. The very nature of Rees index makes this an inherently combinatorial problem. For example this paper includes results relating to: binomial coefficients, Stirling numbers (of the first and second kind), Bell numbers, Catalan numbers (and the generalised 'Fuss-Catalan' numbers) and Fibonacci numbers.
This work, and the techniques involved were inspired by the rank one situation: finite Rees index subsemigroups of the free monogenic semigroup are well studied in the literature under the name of numerical semigroups [8, 7, 23, 12, 5, 22] . Increasing interest is being shown in numerical semigroups, with applications arising in commutative algebra and algebraic geometry [4] . It has recently been proved that the numerical semigroups of genus n, that is, the Rees index n subsemigroups of the free monogenic semigroup, have Fibonacci-like growth [22] , answering in the positive a conjecture of Bras-Amorós [6] .
Recall the following results from the subgroup growth literature (where group index is used). Every free group F r with free rank r ≥ 2 has:
1. subgroup growth of strict type n n [20, Cor 2.2], 2. subnormal subgroup growth of strict type 2 n = n n/log(n) [20, Cor 2.4 ], 3 . normal subgroup growth of strict type n log(n) [20, Cor 2.8 ].
Firstly we recall the definitions from the numerical semigroup literature that we adapt to the higher free rank case, then we prove some basic results about generating sets and how to constuct semigroups of both higher and lower index from a given subsemigroup.
Using a generalisation of the subsemigroup tree of [8] we then illustrate upper and lower bounds for the number of (Rees) index n subsemigroups of the free semigroups F S r and conclude that, similar to groups, F S r has subsemigroup growth of strict type n n for r ≥ 2. In Section 5 we consider the situation when the index is fixed and the free rank varies, in which case we show it fits an exact polynomial of degree the index.
We then consider the question of counting just the ideals, after giving upper and lower bounds, we show that free semigroups of rank greater than 1 have exponential ideal growth of strict type 2 n = n n/log(n) , and for fixed index they also satisfy a polynomial of degree the index. Finally congruence growth is considered, where we count the number of congruences with n classes, and we show this to have at least exponential growth. We conjecture that it is in fact exponential. This is analagous to counting normal subgroups of free groups which have intermediate growth, so in some sense free semigroups have 'more' quotients than free groups. We also consider the sequence for a fixed number of classes n as the free rank r increases and show this satisfies an exponential equation of base n.
Part of this project was computational. We use some of our results to describe algorithms which were implemented to calculate values of the sequences for low rank and index. The code is available online [1] and tables of the results are presented at the end of the paper as appendices.
Preliminaries
Let S be a semigroup, the Rees index of a subsemigroup T of S is defined to be |S \ T |, and we say T has finite index in S if |S \ T | < ∞.
Let X r = {g 1 , . . . , g r } be a finite set of symbols, and F S r = X + r denote the free semigroup of rank r on the set X r , that is, all non-empty words over the alphabet X r .
Let Λ ⊆ F S r be a finite (Rees) index subsemigroup of F S r . Following terminology from numerical semigroups, we call G(Λ) = F S r \ Λ the set of gaps of Λ, and we remark that the index of Λ is equal to |G(Λ)| (this is usually called the genus). We use |w| to denote the length of any word w ∈ F S r . We now define a total order on F S r , usually called the shortlex order, where we order first by word length, and then lexicographically. Using the shortlex order we call f (Λ) = max{w | w ∈ G(Λ)} the Frobenius of Λ, and m(Λ) = min{w | w ∈ Λ} the multiplicity of Λ.
Given any word w ∈ F S r and any 1 ≤ i ≤ |w| − 1, let w pre(i) denote the prefix of w of length i, and w suf(i) denote the suffix of w of length i.
Proof. Let Λ ⊆ F S r with |G(Λ)| = n, and assume |f
. Therefore, along with f ∈ G(Λ), there must be at least n + 1 distinct words in G(Λ) which is a contradiction.
This immediately gives the following result:
Corollary 2.2. There are only finitely many index n subsemigroups of F S r .
Proof. Let s = r + r 2 + · · · + r 2n−1 be the number of words of F S r of length less than 2n, then there are at most s n possible choices for the set of gaps. Another basic result that will be used frequently is the following: Lemma 2.3. Every finite index subsemigroup of F S r has a finite unique minimal generating set.
Proof. Let Λ ⊆ F S r be an index n subsemigroup of F S r . It is clear that Λ is finitely generated as every word of length at least 4n can be written as a product of two words of length at least 2n which are all in Λ by Lemma 2.1. Therefore there is a minimal size, say k ∈ N, for any generating set of Λ. Take two minimal generating sets X = {x 1 , . . . , x k } and Y = {y 1 , . . . , y k } of Λ and assume X = Y . Let y i ∈ Y \ X, then y i = x i1 x i2 · · · x i l for some x i1 , x i2 , . . . , x i l ∈ X with l ≥ 2. Therefore |y i | > |x ij | for each 1 ≤ j ≤ l. Now since Y is a generating set, every x ij is a product of elements from Y \ {y i }, and so y i is a product of elements from Y \ {y i } contradicting the minimality of Y , hence X = Y .
Given any finitely generated semigroup S, let a n (S) denote the number of index n subsemigroups of S, and let s n (S) = follows if we can show that Λ = F S r \ G is a subsemigroup of F S r . Assume that there exists w i ∈ G, and x, y ∈ Λ such that w i = xy, then w i = φ(w i ) = φ(x)φ(y). Since T is a subsemigroup, either φ(x) or φ(y) is in S \ T . Without loss of generality, assume φ(x) = w j ∈ S \ T . Since φ(w j ) = φ(x) and x / ∈ G, then w j < x by the minimality of w j . However, that implies w j y < w i but φ(w j y) = φ(w j )φ(y) = φ(x)φ(y) = w i which contradicts the minimality of w i and so Λ is a subsemigroup.
Recall that given two sequences f (n), g(n), we say that:
We say that a semigroup S has subsemigroup growth of strict type f (n) if log(s n (S)) ≍ log(f (n)).
Note that, unless it has a subscript, log is always base 2.
Minimal generators
In this section we show how the minimal generators of a finite index subsemigroup of F S r are connected to its set of gaps. In particular we show the different forms that a generator can take and use this information to outline an algorithm for calculating the set of minimal generators from the set of gaps.
Given a finite index subsemigroup Λ ⊆ F S r , let M G(Λ) denote the set of minimal generators of Λ.
Remark 3.1. Note that h ∈ M G(Λ) if and only if h ∈ Λ and {h pre(i) , h suf(|h|−i) } ∩ G(Λ) = ∅ for all 1 ≤ i ≤ |h| − 1. This remark will be used ubiquitously without reference throughout this paper.
Given any index n subsemigroup Λ ⊆ F S r we can construct new semigroups in the following ways:
f denote the set Λ ∪ {f }, which is an index n − 1 subsemigroup as every product wf or f w with w ∈ Λ, is larger than f in shortlex order (and hence an element of Λ f ).
2. Given any h ∈ M G(Λ), let Λ h denote the set Λ \ {h}. This is a subsemigroup of index n + 1, as no pair of elements x 1 ,x 2 ∈ Λ satisfy x 1 x 2 = h. This is the content of Remark 3.1.
Observe that in case (1), f becomes a minimal generator of Λ f , and in case (2), h is no longer a minimal generator. In general these constructions will make changes to the minimal generating set. Minimal generators of Λ that are no longer minimal generators of Λ f when f is added are said to turn off. Similarly, elements of Λ that become new minimal generators of Λ h are said to turn on.
The remainder of this section is considering the interplay of these two constructions and their effect on the minimal generating set. Proof. Let x ∈ Y and note that G(Λ h ) = G(Λ) ∪ {h}. Then x ∈ Λ h and {x pre(i) , x suf(|x|−i) } ∩ (G(Λ) ∪ {h}) = ∅ for all 1 ≤ i ≤ |x| − 1, but x / ∈ M G(Λ) and so there exists some x 1 , x 2 ∈ Λ such that x = x 1 x 2 . Therefore either x 1 = h or x 2 = h. We consider each case separately:
then we get a contradiction as h is a minimal generator in Λ. Hence k = 2, a 2 = h and x satisfies form 3. 
Let x
Proof. We prove this by induction on the index. Let |G(Λ)| = 0, then x must be of form 1. Assume the statement is true for all subsemigroups of index n. Given any subsemigroup Λ with index n + 1, we can construct a subsemigroup of index n by considering Λ f , where
, then by assumption h has the correct form. Suppose that h ∈ M G(Λ f ) then h is turned on when we remove f from Λ f , so by Lemma 3.2 it has one of the forms wf , f w or f wf where w ∈ M G(Λ f ). We consider each case separately:
1. Let h = f w where w ∈ M G(Λ f ), then either |w| = 1 and h is of form 2, or |w| ≥ 2 and w = g i w ′ for some g i ∈ X r , w ′ ∈ F S r . As f is the Frobenius of Λ, we know that f g i ∈ Λ. Now h ∈ M G(Λ), so we must have w ′ ∈ G(Λ) and h is of form 4.
2. Let h = wf where w ∈ M G(Λ f ), then either |w| = 1 and h is of form 3, or similarly to the previous case, h is of form 4.
3. Let h = f wf , then either |w| = 1 and h is of form 4, or |h| ≥ 2 and f wf = (f x 1 )(x 2 f ) is not a minimal generator of Λ.
We can now use Lemma 3.3 to outline an algorithm that will calculate the set M G(Λ) from the set G(Λ). Let ǫ be the empty word.
Algorithm 1 Find minimal generators from set of gaps Require: G(Λ) the set of gaps of a finite index subsemigroup Λ of F S r , and X r 1: procedure Generators(G(Λ), X r )
2:
Gens ← {}
3:
for all x ∈ G(Λ) ∪ {ǫ} do 4: for all y ∈ G(Λ) ∪ {ǫ} do
5:
for all g ∈ X r do 6: if MinGen(xgy, G(Λ)) then
7:
Gens ← Gens ∪{xgy} return Gens 13: end procedure
Where MinGen(w, G(Λ)) determines whether or not a word w ∈ Λ is a minimal generator of Λ.
Algorithm 2 Check if a word is a minimal generator
Require: A word w ∈ Λ and the set of gaps G(Λ)
1: procedure MinGen(w, G(Λ))
2:
Pass ← TRUE
5:
n ← length(w) 6: i ← 1
7:
while Pass and i < n do 8:
Pass ← FALSE
10:
end if 11:
end while 13: end if 14: return Pass 15: end procedure
Subsemigroup growth
The sequence a n (F S r ) has been extensively studied for when r = 1, this is precisely the number of numerical semigroups of genus n. It has recently been proved [22] that a n (F S 1 ) has 'Fibonacci like' growth, that is, a n (F S 1 ) ∼ Kφ n , where K is a constant and φ =
is the golden ration. In this section we give lower and upper bounds for a n (F S r ) and in particular show that for r ≥ 2, a n (F S r ) grows superexponentially in n with strict growth type n n . We imitate the methods used in [8] by constructing a tree of all finite index subsemigroups of F S r .
Subsemigroup tree
It is clear that every subsemigroup Λ ⊆ F S r of index n + 1 gives rise to a subsemigroup Λ f of index n. Therefore, every index n subsemigroup can be obtained from a subsemigroup of index n − 1 by removing a minimal generator larger than the Frobenius (using the shortlex order). Given a subsemigroup Λ of finite index, any subsemigroup Λ h that is obtained by removing a minimal generator h larger than the Frobenius f (Λ) is a descendant. This gives a method for obtaining a tree of all finite index subsemigroups of F S r .
For example: given the index 1 subsemigroup {a} c of F S 2 = a, b , the minimal generators of {a} c are {b, a 2 , ab, ba, a 3 , aba} and they are all bigger than the Frobenius, the minimal generators of {b} c are {a, ab, ba, b 2 , bab, b 3 } but a is not bigger than the Frobenius and so {a, b} c is a descendant of {a} c but not of {b} c .
So the beginning of the tree of all index n subsemigroups of F S 2 looks like Figure 1 .
. .
Figure 1: Subsemigroup tree of F S 2
It is clear that a n (F S r ) is the number of nodes on the n th level of this tree.
Inspired by the numerical semigroup situation [7, 8] , we say that a finite index subsemigroup Λ ⊆ F S r is ordinary if f (Λ) < m(Λ) in the shortlex order, that is, all the gaps are 'at the beginning'. For a given rank r, clearly there is one ordinary subsemigroup for each index n which we denote by O r (n).
Lemma 4.1. In this tree the subsemigroup O r (n) has (r − 1)n 2 + (2r − 1)n + r descendants.
Proof. Let O r (n) be the ordinary index n subsemigroup of F S r and let k = |f (O r (n))|. Figure  2 represents the set of words of G(O r (n)) within the set of all words in F S r : Let i ≥ 1 be the number of words of length k that belong to the set of gaps G(O r (n)). Observe that n = (
We now consider, in three separate cases, which of the words w ∈ O r (n) are minimal generators. These cases correspond to the numbered regions in Figure 2 .
1. Let |w| ≤ 2k − 1. Then w ∈ M G(O r (n)) if and only if w ∈ O r (n) as w cannot be written as a product of two words in O r (n). Hence there are (
Being careful not to double count the cases where
3. Let |w| ≥ 2k + 1. Clearly no word of length at least 2k + 2 is a minimal generator as every such word is a product of two words of length at least k + 1, all of which are in O r (n). This leaves the words of length 2k+1, which are minimal generators if and only if w pre(k) ∈ G(Λ) and w suf(k) ∈ G(Λ), with the middle letter of w being any of the r generators of F S r . There are therefore ri 2 such words.
After some manipulation, we deduce that:
Since every word in O r (n) is bigger than the Frobenius, every minimal generator gives rise to a descendant and the result follows.
Lower bound
We now describe how to construct a lower bound for the sequence a n (F S r ) by constructing a subtree of the subsemigroup tree. Following [7] , we construct a subtree of the subsemigroup tree using the ordinary subsemigroups. We describe it as folows: beginning with the single vertex representing F S r we attach to this root the subsemigroups of index 1 obtained by removing each generator. We now proceed inductively. Consider a node (that represents a subsemigroup Λ):
1. If the subsemigroup Λ is ordinary then attach, for every h ∈ M G(Λ), a node for Λ h .
2. If the subsemigroup Λ is not ordinary, then it is obtained by removing minimal generators from some ordinary subsemigroup of a lower index. Add nodes for each of the minimal generators h of Λ that are bigger than the Frobenius f (Λ) and are also minimal generators of this ordinary subsemigroup.
This is a subtree of the subsemigroup tree that has one infinite branch consisting of ordinary subsemigroups of F S r . The number of nodes on the n th level of the tree is a lower bound for a n (F S r ). Recalling the result from Lemma 4.1, if we let p(n, r) = (r − 1)n 2 + (2r − 1)n + r be the number of descendants of O r (n), then Figure 3 illustrates the beginning of this subtree for F S 2 . Observe that every node belongs to a branch starting from some ordinary subsemigroup O r (n), and corresponds to choosing a subset of M G(O r (n)). Therefore it is clear that the number of nodes on the n th level of this tree is
where
where J(n, r) is obtained from the inequality p(n − i, r) − 1 ≥ i. Hence we have proved the following Theorem:
Note that L(n, 1) = F n+1 the Fibonacci numbers, which is a good lower bound for the numerical semigroup case, since a n (F S 1 ) ∼ C · L(n, 1) for some constant C [22] . It seems reasonable to conjecture that for each r ≥ 1, a n (F S r ) ∼ C r · L(n, r) for some constant C r .
The proof in [22] that a n (F S 1 ) ∼ C · L(n, 1) relied on the fact that almost all numerical semigroups satisfy f < 3m, where m is the multiplicity and f is the frobenius. It would be of interest to know whether this proof can be extended to the higher rank case, that is, do almost all finite index subsemigroups Λ ⊆ F S r satisfy |f (Λ)| < 3 · |m(Λ)|?
Proof. First note that n/2 ≤ J(n, r) so by considering the term i = n/2 we have
Note, we can continuously extend the binomial coeffecients using Gamma functions, so we need not worry whether n is even. When r ≥ 2, p(n, r) ≥ n 2 + 1 and so (2)) and so nlog(n) = O(log(s n (F S r ))).
Upper bound
We now construct an upper bound for the sequence a n (F S r ). In order to do this we show that, similar to the situation for numerical semigroups (see [7] ), ordinary subsemigroups have the maximum number of descendants. To show this we require the following Proposition: 
has one of three possible forms f w, wf or f wf where w ∈ M G(Λ f ). Note that x could have more than one of these forms. We now partition D in to nine distinct (possibly empty) sets.
It is a straightforward matter to check that D 1 , . . . , D 9 are indeed disjoint and that their union is
. Now for each x ∈ D, we are going to assign some
All the proofs here use Remark 3.1.
Hence we can construct a function
Since D is the disjoint union of D 1 , . . . , D 9 , this function is well-defined. Since F S r is cancellative it is clear that if
Therefore to show that Φ is injective, it is enough to show that Φ(x 1 ) can never equal Φ(x 2 ) whenever x 1 ∈ D i , x 2 ∈ D j and i = j. There are 36 different cases to check, which are straightforward but tedious. We consider two of the cases and leave the rest to the reader, as they are either trivial or identical in nature to the ones presented.
1. Let x 1 ∈ D 9 and x 2 ∈ D 1 , if Φ(x 1 ) = Φ(x 2 ) then m 2 = mwm which is an immediate contradiction as |w| ≥ 1.
Therefore Φ is injective and we can extend it to an injective function Proof. Firstly note that ordinary subsemigroups have the maximum number of minimal generators. In fact, given any non-ordinary finite index subsemigroup Λ ⊆ F S r , by Proposition 4.4, Λ f m has no less minimal generators than Λ so apply Proposition 4.4 to Λ finitely many times until it is ordinary. Since every minimal generator of an ordinary subsemigroup is bigger than the Frobenius, each gives rise to a descendant and the result follows. Now we can prove the following Theorem using the information from Lemma 4.1 Theorem 4.6. For r ≥ 2, a n (F S r ) ≤ (r − 1) n (n + 1)(n!) 2 .
Proof. By Corollary 4.5, the ordinary subsemigroups have the maximum number of descendants, which by Lemma 4.1, is (r − 1)n 2 + (2r − 1)n + r. So let us assume every subsemigroup has this number of descendants to construct an upper bound. Then
Proof. Let U (n, r) = (r − 1) n (n + 1)(n!) 2 . Since a n (F S r ) ≤ U (n, r) and since U (n, r) is nondecreasing, we have s n (F S r ) ≤ n · U (n, r). Since n! < n n , we have
Corollary 4.8. For r ≥ 2, F S r has subsemigroup growth of strict type n n .
Proof. By Theorems 4.3 and 4.7.
Subsemigroup growth for a fixed index
In this section we consider the growth of a n (F S r ) when n is fixed and the rank r varies. In this case the sequence fits an explicit polynomial. In order to prove this, we need some preliminary remarks. Given any word w = g α(1) . . . g α(m) ∈ F S r , with g α(i) ∈ X r , and any permutation σ ∈ Sym(X r ), let σ(w) denote the word σ(g α(1) ) . . . σ(g α(m) ). Given Λ a finite index subsemigroup of F S r with G(Λ) = {w 1 , . . . , w n }, then let σ(G(Λ)) denote the set {σ(w 1 ), σ(w 2 ), . . . , σ(w n )}. It is clear that F S r \ σ(G(Λ)) is also a finite index subsemgroup of F S r isomorphic to Λ.
For any index n subsemigroup Λ ⊆ F S r we wish to think of the set of gaps of Λ as a 'pattern' by forgetting the labels of the generators of F S r . To make this idea precise, let F in be the set of all finite index subsemigroups of finite rank free semigroups.
We now define an equivalence relation ∼ on F in. Let Λ 1 , Λ 2 ∈ F in be two finite index subsemigroups with Λ 1 ⊆ F S p and Λ 2 ⊆ F S q say. We say Λ 1 ∼ Λ 2 if there exists σ ∈ Sym(X max{p,q} ) such that G(Λ 1 ) = σ(G(Λ 2 )). If Λ 1 ∼ Λ 2 then we say that Λ 1 and Λ 2 have the same gap pattern.
Let w ∈ F S r . Define the support of w to be the set of minimal generators that make up w. That is, if w = g α(1) g α(2) . . . g α(m) where g α(i) ∈ X r , then supp(w) := {g α(1) , . . . , g α(m) }. Given Λ ∈ F in, with G(Λ) = {w 1 , w 2 , . . . , w n }, we define supp(G(Λ)) to be n i=1 supp(w i ). Let Λ ∈ F in with |supp(G(Λ))| = k. Then Λ has a minimal representative Λ min ⊆ F S k of the ∼-class of Λ so that supp(Λ min ) = X k and the elements of the support 'first appear in order'. More formally, let g j = max{g i | g i ∈ supp(Λ)} be the largest generator in the gaps of Λ using the standard lexicographical order. If we let y = w 1 . . . w n be the concatenation of the set of gaps of Λ, then we can totally order the σ ∈ Sym(X j ) using the lexicographcial order on σ(y). Let σ min be the smallest permutation with respect to this total order, then Λ min is the complement of σ min (G(Λ)) in F S k . Now, for a fixed Λ ∈ F in let the orbit of Λ be defined as Orb(Λ) := {σ(Λ) | σ ∈ Sym(supp(Λ))}. This is the set of all elements of F in with the same gap pattern and the same support as Λ. By the orbit-stabilizer theorem, |Orb(Λ)| is a divisor of |Sym(supp(Λ))| = |supp(Λ)|!.
For each n ≥ 1, let Z(n) be the set of minimal representatives of ∼-classes of index n subsemigroups. For each k ≥ 1, let Z(n, k) := {P ∈ Z(n) | |supp(P )| = k} and for each i | k!, let Z(n, k, i) := {P ∈ Z(n, k) | |Orb(P )| = i}. Note, we have that
Observe that each of the sets Z(n, k) are finite. In fact, as each P is minimal |Z(n, k)| is no bigger than the number of index n subsemigroups of F S k , which by Corollary 2.2, is finite. Now given any r and n, we wish to determine the number of index n subsemigroups of F S r . For each P ∈ Z(n, k) there are k possible generators we could choose from r for the support of P , and there are |Orb(P )| different subsemigroups of F S r with the same gap pattern and the same support as P . Therefore, there are |Orb(P )| · r k index n subsemigroups of F S r with the same gap pattern as P , and we have the following equation:
Proof. This is equivalent to proving that every index n subsemigroup Λ has |supp(G(Λ))| ≤ n. We prove by induction on the index. Let n = 1 and given any index 1 subsemigroup Λ with G(Λ) = {w 1 }, then w 1 must be in X r and so |supp(Λ)| = 1. Now assume the statement is true for n ≥ 1. Given any subsemigroup with |G(Λ)| = n+1, let f = f (Λ) and consider the semigroup Λ f which has |G(Λ f )| = n. If G(Λ f ) = {w 1 , . . . , w n } then by the assumption |supp(G(Λ f ))| ≤ n. Since f is a minimal generator of Λ f , by Lemma 3.3, f is of the form w i g, gw i or w i gw j for some w i , w j ∈ G(Λ f ), g ∈ X r and therefore supp(G(Λ f )) = supp(G(Λ)) ∪ supp(g) and |supp(Λ)| ≤ n + 1.
Therefore we can refine our range of summation slightly to get:
and s(n, k) be the (signed) Stirling numbers of the first kind, then
We remark that the ordinary subsemigroup O n (n) has |supp(O n (n))| = n and so c(n, n) = 0. Therefore we have proved:
Theorem 5.2. a n (F S r ) is a polynomial in r of degree n with no constant term.
We now use this result to describe an algorithm (making use of the previous algorithms) for inductively computing the sets Z(n, k, i) and therefore the values a n (F S r ). See Algorithm 3.
Using this algorithm, we computed the polynomials and hence the values of a n (F S r ) for 1 ≤ n ≤ 9 which are presented in Appendix A. This was implemented on the Iridis 4 compute cluster [2] using C++ code which is available for download [1] . It took 2 hours 30 minutes running on 64 x Intel Xeon E5-2670 processor cores, equivalent to approximately one week of computation on a standard desktop computer.
Ideal growth
Recall that a subsemigroup I of a semigroup S is called a left (resp. right) ideal of S if SI ⊆ I (resp. IS ⊆ I), and a (two-sided) ideal if it is both a left ideal and a right ideal. Let a LI n (F S r ) denote the number of (Rees) index n left ideals of F S r , let a RI n (F S r ) denote the number of index n right ideals and a I n (F S r ) denote the number of index n two-sided ideals. Note that the number of left ideals is equal to the number of right ideals as F S r → F S r , w → rev(w) is an anti-isomorphism, and since every ideal is also a subsemigroup it is clear that
We show that both a LI n (F S r ) = a RI n (F S r ) and a I n (F S r ) have exponential growth, that is, strict growth type 2 n = n n/log(n) where strict growth type is defined as in subsemigroup growth.
One-sided ideals
We now make an observation and give an exact formula for the number of index n one-sided ideals of F S r . Let Λ be an index n right ideal of F S r , then it is clear that given any w ∈ G(Λ), we must also have w pre(|w|−1) ∈ G(Λ). Therefore considering the right multiplication tree, the set of gaps (including the empty word) corresponds to a rooted r-ary tree with n + 1 vertices. The number of such is precisely the 'Fuss-Catalan' numbers: a RI n (F S r ) = 1 (r − 1)(n + 1) + 1 r(n + 1) n + 1 .
Algorithm 3
Find the sets Z(n, k, i) for all i, from the sets Z(n − 1, k, i) and Z(n − 1, k − 1, i) Require: Index n, support k, the sets Z(n − 1, k, i) and
Input sets Z(n − 1, k, i), Z(n − 1, k − 1, i) for all i.
3:
Descendants ← {}
6:
for all Λ ∈ Z(n − 1, k) do
for all h ∈ M do
if h > f (Λ) then
10:
Descendants ← Descendants ∪ {G(Λ) ∪ {h}} 
M ←Generators(G(Λ), {g k }) 16 :
18:
Descendants ← Descendants ∪ {G(Λ) ∪ {h}} for all G(Λ) ∈ Descendants do
23:
Orbit ← {}
24:
for all σ ∈ Sym(X k ) do
25:
Orbit ← Orbit ∪ {σ(Λ)}
26:
end for
27:
MinRep ← minimal representative of Orbit 28:
30:
Output sets Z(n, k, i) for all i. 31: end procedure Note that when r = 2 this reduces to the standard Catalan numbers and when r = 1, a RI n (F S r ) = a LI n (F S r ) = a I n (F S r ) = 1 as the only ideals of (N, +) are the ordinary subsemigroups.
Theorem 6.1. For r ≥ 2, F S r has one-sided ideal growth of strict type 2 n = n n/log(n) .
Proof. This follows from the fact that r n+1 ≤ r(n+1) (n+1)
For a fixed index n, with some basic manipulation the formula above yields a polynomial in r of degree n with no constant term:
where s(n, k) are the (signed) Stirling numbers of the first kind.
Two-sided ideals
Recalling the subsemigroup tree in Section 4 we consider the subtree of all (two-sided) ideals. That this really is a tree follows from the fact that given any ideal Λ ⊆ F S r , then Λ f is also an ideal.
Remark 6.2. Note that given any ideal Λ ⊆ F S r in this subtree, then Λ h is a descendant of Λ if and only if h > f (Λ) and h pre(|h|−1) , h suf(|h|−1) ∈ G(Λ).
The ordinary subsemigroups O r (n) are clearly ideals. Let desc(O r (n)) denote the set of ideals that are descendants of O r (n) in this tree, and let
Clearly the sets D(O r (n)) and desc(O r (n)) are in bijection. We now construct a lower bound on the size of these sets. First we need a technical lemma. which is a contradiction. n + 1) ), then it is clear that whenever O r (n) h is an ideal, O r (n + 1) h is also an ideal for all h = f . So we need only show that D(O r (n + 1)) contains at least one element that D(O r (n)) does not. Let h = g 1 f , then by Lemma 6.3, h pre(|h|−1) ≤ f ∈ G(O r (n + 1)) and clearly h suf(|h|−1) = f ∈ G(O r (n + 1) but is not in G(O r (n)). Therefore O r (n + 1) h is an ideal but O r (n) h is not an ideal. 
This underestimate has the largest error when n = r + r 2 + · · · + r m − 1 = r m+1 −r r−1 − 1. So take this as a lower bound and for r ≥ 2, it is always true that
So if we let
where K(n, r) = r−1 2r−1 (n + 1) is obtained from the inequality h(n − i, r) − 1 ≥ i. Then similar to the argument in Section 4 for the lower bound, we have proved the following:
As a consequence we can see that two-sided ideal growth is bounded below by an expoential:
. Proof. First note that for r ≥ 2, n/4 ≤ K(n, r) so by considering the term i = n/4 we have
, we immediately deduce from Theorem 6.1, log(s I n (F S r )) = O(log(2 n )) for r ≥ 2. Hence, Theorem 6.8. For r ≥ 2, F S r has ideal growth of strict type 2 n = n n/log(n) .
It can be checked that the argument in Section 5 is valid for ideals also, and so for a fixed index n, we also have the following: Theorem 6.9. a I n (F S r ) is a polynomial in r of degree n with no constant term. We can easily adapt our previous algorithm to use Remark 6.2 instead of Remark 3.1. This is computationally a much easier condition to check. This algorithm was implemented using C++ code which is available for download [1]. The polynomials and hence the values of a I n (F S r ) for 1 ≤ n ≤ 12 were calculated and are presented in Appendix B. It took less than an hour to calculate running on a single Intel Xeon E5-2670 processor.
We observed an interesting connection between a I n (F S 2 ) and the central binomial coeffecients n ⌊n/2⌋ which we are unable to explain (see Appendix D). They agree for the first 6 values and then the central binomial coefficients seem to be an upper bound. It would be of interest to know whether they are an asymptotic upper bound. Note that, given any finite index ideal I ⊆ F S r and any word in the set of gaps G(I), then every prefix and suffix of that word is also in the set of gaps, hence supp(I) ⊆ G(I). This implies that there is only one index n ideal I with |supp(I)| = n, namely the ordinary subsemigroup, and hence using the notation from Section 5, c(n, n) = 1. Consequently, 
Congruence growth
Let Cong n (F S r ) denote the set of (two-sided) congruences on F S r with precisely n nonempty congruence classes, and let a C n (F S r ) = |Cong n (F S r )|. We say that a semigroup S is at most r generated if there exists an r-element subset of S that generates the semigroup. It is clear that given any at most r generated semigroup S of order n, there exists a congruence ρ ∈ Cong n (F S r ) such that F S r /ρ ∼ = S. The number of congruences in Cong n (F S r ) that quotient to give S is precisely the number of distinct epimorphisms from F S r to S. There are at most n r such epimorphisms since the map is determined entirely by the image of the generators X r . Hence
where f (n, r) is the number of non-isomorphic at most r generated semigroups of order n.
). Proof. Every index n ideal I of F S r gives rise to a distinct congruence ρ I ∈ Cong n+1 (F S r ) where Proof. For a fixed r, it is clear that f (n, r) is non-decreasing and so by the observation above, s , r) ) and so by the previous proposition, log(s n (F S r )) = O(log(f (n, r)). Again, by the observation above f (n, r) ≤ a C n (F S r ) ≤ s C n (F S r ) and so we have log(s C n (F S r )) ≍ log(f (n, r)).
We conclude from this that for r ≥ 2, the number of non-isomorphic at most r-generated semigroups of order n is at least exponential of strict type 2 n = n n/log(n) (whereas the number of at most r-generated groups of order n is sub-exponential with strict growth type n log(n) ). If we can also show that f (n, r) grows at most exponentially then we will have proved that F S r has congruence growth of strict type 2 n . In answering the above question, one may be tempted to consider 3-nilpotent semigroups as almost all finite semigroups are 3-nilptotent (see [18] and [11] for example). However it turns out almost none of the r-generated semigroups are 3-nilpotent, that is, there are no r-generated 3-nilpotent semigroups of order greater than r 2 + r + 1. The Smallsemi [10] data library in GAP [13] tells us that for n from 2 through 8, f (n, 2) equals: 5, 17, 68, 217, 670, 1937, 5686 . This seems to be exponential, and we conjecture that the above question is true.
Ascendingly generated tables
When counting all semigroups of order n, a natural question is whether to count order n semigroups up to isomorphism, which we will denote f (n), or whether to count 'up to equality' all n-element Cayley tables, that is, all binary operations on an n-element set, which we will denote m(n). There are at most n! distinct Cayley tables of any semigroup up to isomorphism (precisely when the semigroup has trivial automorphism group). Hence m(n) = O(n! · f (n)). As an aside, it is generally believed (although still an open question) that almost all semigroups have trivial automorphism group, in which case not only does
We here introduce something between the two which turns out to be important for counting congruences, namely what we have called ascendingly generated tables. Heuristically we are counting the generators {w 1 , . . . , w k } up to equality and the non-generators {w k+1 , . . . , w n } up to isomorphism and it satisfies O(n k · f (n, k)). Let W n = {w 1 < w 2 < · · · < w n } be an n-element set and let C n = {(W n , ⊗)} be the set of all Cayley tables on W n . Let C n,k ⊆ C n be the set of all Cayley tables on (W n , ⊗) that are generated (not necessarily minimally) by {w 1 , . . . , w k }, so that for example, C n,n = C n .
Given any w ∈ W n , (W n , ⊗) ∈ C n,k , there exists some decompostion (possibly many) of w as a product of elements from {w 1 , . . . , w k }. Let dec(w) denote the smallest decomposition with respect to < ⊗ , the shortlex order on W n over the alphabet {w 1 , . . . , w k }. We say that (W n , ⊗) is ascendingly generated by {w 1 , . . . , w k } if it is generated by {w 1 , . . . , w k } and
Let T n,k ⊆ C n,k denote the set of all (W n , ⊗) ∈ C n,k ascendingly generated by {w 1 , . . . , w k }.
Lemma 7.4. We observe the following facts:
Proof. 1. Let (W n , ⊗) ∈ T n,1 . Since (W n , ⊗) is ascendingly generated by {w 1 } we must have
and (w i ) n is allowed to equal any of the n elements.
2. From the definition, every Cayley table on W n is generated ascendingly by the whole of W n .
3. Again this follows vacuously from the definition.
4. Given any at most r generated semigroup S we can always label the elements {w 1 , . . . , w n } such that {w 1 , . . . , w r } generate S and the remaining elements are labelled in the order they are generated so that it is ascendingly generated, hence f (n, r) ≤ T n,r . Given any at most r-generated semigroup S there are at most n r possible ways of choosing a generating set which we can label in at most r! ways {w 1 , . . . , w r }, but for the remaining elements we have no choice how to label them if we want S to be generated ascendingly by {w 1 , . . . , w r }. Hence |T n,r | ≤ r! · n r · f (n, r).
This follows immediately from 4.
Recall that there are n! monogenic Cayley tables of order n, but only n up to isomorphism. So ascendingly generated tables behave like 'up to isomorphism' for k = 1 but like 'up to equality' for k = n.
Using the Smallsemi [10] data library in GAP [13] we calculated the number of Cayley tables on {w 1 , . . . , w n } generated ascendingly by {w 1 , . . . , w k } (see Table 1 ).
Again recall from Lemma 7.4(2) that the diagonal in Table 1 is equal to m(n), see sequence A023814 in OEIS [3] . 
See [1] for the code used to calculate these values. This ran on the Iridis 4 compute cluster [2] and took one hour running on 64 x Intel Xeon E5-2670 processor cores, equivalent to approximately 64 hours on a standard desktop computer.
That ascendingly generated Cayley tables are important is revealed in the next result.
A congruence ρ ∈ Cong n (F S r ) is completely determined by two pieces of information: an ascendingly generated Cayley table and by which congruence classes the generators X r are assigned to. We formalise this below.
We say a function f : X r → W n is an assignment if f (g 1 ) = w 1 and f (g j ) ∈ {w 1 , . . . , w α(j)+1 } where w α(j) = max i<j {f (g i )} for all 2 ≤ j ≤ n. Let A r,k be the set of assignments from X r to W n such that the image has cardinality k.
We claim that Proposition 7.5. There exists a bijection
Proof. Given any ρ ∈ Cong n (F S r ) we choose a subset W n ⊆ F S r in the following way: let w 1 < w 2 < · · · < w n be the minimal representatives of the n ρ-classes with respect to <, the shortlex order on F S r over the alphabet X r . Given any word w ∈ F S r , let [w] ρ ∈ W n denote the minimal representative of the class of w.
}| be the number of classes that the generators X r traverse. Let f be defined as f (g i ) := [g i ] ρ for all 1 ≤ i ≤ r. Clearly f (g 1 ) = w 1 and for any j > 1, either g j is in the same ρ-class as some g i for i < j in which case f (g j ) = f (g i ), or it is in a different class from all g i with i < j in which case f (g j ) = w α(j)+1 where w α(j) = max i<j {f (g i )}. Hence f is indeed an assignment and f ∈ A r,k . We now define a binary operation on W n , which can be done by setting w i ⊗ w j := [w i w j ] ρ for all 1 ≤ i, j ≤ n. This is associative as ρ is a congruence. We now show that (W n , ⊗) is generated by {w 1 , . . . , w k }. In fact, given any w ∈ W n , let w = g α(1) g α(2) . . . g α(m) be its unique decomposition in F S r , then
Given any w i ∈ W n , let dec(w i ) = w γ(1) ⊗ · · · ⊗ w γ(m) be the minimal decomposition of w i . As w i belongs to F S r , we also have its unique decomposition w i = g α(1) . . . g α(l) using letters in X r . We intend to show that g α(1) . . . g α(l) = w γ(1) . . . w γ(m) . To do this, we make two initial observations:
] ρ is in the same class as w i , which is minimal in its class.
We can immediately deduce that [g α(1) ] ρ . . . [g α(l) ] ρ = g α(1) . . . g α(l) and g α(1) , . . . , g α(l) ∈ W n . As dec(w i ) is the smallest decomposition of w i in W n we also have w γ(1) ⊗ · · · ⊗ w γ(m) ≤ ⊗ g α(1) ⊗ · · · ⊗ g α(l) . Assume that w γ(1) . . . w γ(m) = g α(1) . . . g α(l) , then w γ(1) . . . w γ(m) < w i but in the same ρ-class as w i which is a contradiction. Hence g α(1) . . . g α(l) = w γ(1) . . . w γ(m) and w i < w j if and only if dec(w i ) < ⊗ dec(w j ) thus (W n , ⊗) ∈ T n,k . Let φ(ρ) := ((W n , ⊗), f ), it is clear that if ρ = σ ∈ Cong n (F S r ) then φ(ρ) = φ(σ), whence φ is a well-defined function.
Now we prove surjectivity of φ by constructing a congruence: given any ((W n , ⊗), f ) ∈ 1≤k≤r (T n,k × A r,k ) we define ρ as follows: let (a, b) ∈ ρ if and only if (m) ) where a = g α(1) . . . g α(l) and b = g β(1) . . . g β(m) are their unique decompositions in F S r . It is straightforward to check that this is indeed a congruence. We now show that ρ has n congruence classes. The generators X r clearly traverse |im(f )| = k classes. For each w i ∈ {w k+1 , . . . , w n } let dec(w i ) = w γ(1) ⊗ · · · ⊗ w γ(l) . Then w γ(1) . . . w γ(k) is in a different class from all {w 1 , . . . , w i−1 } and therefore ρ ∈ Cong n (F S r ).
Let φ(ρ) = ((W n , ⊕), f ′ ). We intend to show that ((W n , ⊗), f ) = ((W n , ⊕), f ′ ). Firstly note that f (g 1 ) = w 1 = f ′ (g 1 ). We now proceed by induction: given any j > 1, assume f (g i ) = f ′ (g i ) for all i < j. Then either f (g j ) = f (g i ) for some i < j in which case f
, alternatively, f (g j ) is different from all f (g i ) with i < j. In which case f (g j ) = w α(j)+1 and f ′ (g j ) = w β(j)+1 where w α(j) = max i<j {f (g i )} and w β(j) = max i<j {f ′ (g i )}. By our assumption, w α(j) = w β(j) and so f = f ′ . We now intend to show that (W n , ⊗) = (W n , ⊕). Given any w i , w j ∈ W n , with dec(w i ) = w γ(1) ⊗ · · · ⊗ w γ(l) , dec(w j ) = w δ(1) ⊗ · · · ⊗ w δ(m) , let w p = w i ⊗ w j where dec(w p ) = w ǫ(1) ⊗ · · · ⊗ w ǫ(q) . By the argument above we know that w i = w γ(1) . . . w γ(l) , w j = w δ(1) . . . w δ(m) , w p = w ǫ(1) . . . w ǫ(q) are also their unique deompositions in F S r as the minimal representatives of the ρ-classes. Hence w i ⊕ w j = [w i w j ] ρ = [w p ] ρ = w p = w i ⊗ w j . So (W n , ⊗) = (W n , ⊕) and hence φ is surjective.
Finally, we show that φ is injective: consider φ(ρ) = ((W n , ⊗), f ) = φ(σ) for some ρ, σ ∈ Cong n (F S r ). Then (a, b) ∈ ρ if and only if f (g α(1) ) ⊗ · · · ⊗ f (g α(l) ) = f (g β(1) ) ⊗ · · · ⊗ f (g β(m) ) where a = g α(1) . . . g α(l) and b = g β(1) . . . g β(m) if and only if (a, b) ∈ σ and φ is a bijection.
Note that |A r,k | is precisely the number of ways of partitioning an r-element set in to k non-empty subsets, that is Hence from the values of |T n,k | in Table 7 .1 we can calculate a C n (F S r ) for 1 ≤ n ≤ 7 which is presented in Appendix C. Compare this result to Theorem 7.2 and notice that this is much stronger than saying they have the same strict growth type.
Congruence growth for a fixed number of classes
Given some fixed n we now prove that a C n (F S r ) satisfies an exponential equation with base n. since |T n,k | = 0 for all k > n, the result follows by a simple rearrangement.
Using Table 7 .1, we calculate the exponential equations for 1 ≤ n ≤ 7 and present them in Appendix C. 
Further work
There are many open questions regarding subsemigroup growth. It was shown in [20, Theorem 3 .1] that all groups with superexponential subgroup growth are similar to free groups, in that they involve every finite group as an upper section. What necessary conditions are imposed on semigroups? In answering this question, it would be of interest to first investigate other classes of semigroups. What is the subsemigroup growth of free commutative semigroups, free inverse semigroups, the bicyclic monoid etc? For example, if free commutative semigroups have exponential subsemigroup growth, then by an argument similar to Proposition 2.4, non-commutativity would certainly be a necessary condition for superexponential growth. How does the geometry of the semigroup relate to its subsemigroup growth, for example, is superexponential growth connected to hyperbolicity?
It may also be that another definition of index is more appropriate. One particularly natural definition that might be considered is Green index [14] which agrees with Rees index for free semigroups.
It may also be of interest to consider counting other objects, e.g. right/left congruences (related to counting cyclic acts), maximal sub(semi)groups, classes related to Green's relations etc.
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